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Abstract:

In this paper, a new extension distribution with four parameters named
Kumaraswamy weighted exponential has been introduced based on the family
of Kumaraswamy generalized distribution. The new density function can be
expressed as an infinite linear combination of weighted exponential densities.
Some of the mathematical properties, special cases along with the maximum
likelihood estimations of the parameters of new distribution have been
discussed.
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1. Introduction
The weighted exponential (WE) distribution has been introduced by Gupta and
Kundu in (2009) [3]. The WE distribution has received appreciable usage in the
fields of engineering and medicine [7]. The probability density function (pdf)
of WE distribution is given by [3]:
a+1
fwe G a, 1) =Txle_’1x(1—e_“’1x) ix>0;01>0  ...(D)
The corresponding cumulative distribution function of WE distribution
is given by [1]:
1
Fypla,2) =1 - - e (a+1—e ) .. (2)

The reliability and hazard functions of WE distribution at time (¢),
respectively, are given by [1]:

1
Ryr(t;a, ) =1-F(t;a, ) = - e M(a+1— e ) ..(3)
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fGa, ) (@+1D2(1-e )

hye(t;a,A) = RGaD) - atl— e .. (4)
The 7" moments about the origin is [4]:

. (a+ DTl +1) 1
EX") = T ( —m) ;r=1,2,3,.. ..(5)

The moment generating function, M, (t) , for —1 <t < 1 can be expressed by

[5]:

1A 1 1
My© = By = 2D = - = . (6)
In particular [5]:
a+2

My(0) =EX) = /1(( D ) (7

2 2(a? +3a +3
MO = E() = ——— (8
Then,

, 1 1
v(X) = EX?) - [E(X)]? AZ [1 +m] ..(9)

2. Kumaraswamy Weighted Exponential (KWE) Distribution

For any baseline cumulative distribution function G(x) of a random variable X
with two additional shape parameters, a,b > 0, Cordeiro and de Castro in
(2011) [2] proposed Kumaraswamy generalized (KG) distribution with
cumulative distribution, probability density, reliability and hazard functions
given, respectively, by:

Fee(;a,b) =1—[1— (G(x))a]b ..(10)
feo(iab) = abg (OGO [1 = (6] . (11)
a+b
Ric(x;a,b) = [1 - (6(x))] 1 .. (12)
bg ) (6(x))*
heo (x; a,b) = gl i‘ ((G(;)))“ ..(13)

where g(x) = o . Hence, each new KG distribution can be generated from a

specified cumulative distribution.
Now, suppose that G (x) represents the WE cumulative distribution as in
equation (2), then (10) and (11) yields (KWE) cumulative distribution and

probability density functions for x > 0, respectively, as:
b

Fyweg(x;a,A,a,b) =1 — [1 — (1 — ée"lx(a +1-— e"“’”ﬂ) ] .. (14)
faws@ia,4,a,b) = ab =2 e (1 - e ) [1 - e (a+ 1 -

aqb-1
e_’wx)] [1 — (1 - ;e"”‘(a +1- e"lax)> ] ..(15)

where A > 0 is the scale parameter and a,a, b > 0 are the shape parameters.
As special cases, when a = b = 1, the probability density function for KWE
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distribution will be the probability density function of WE and when b = 1,
the probability density function for KWE distribution will be the probability
density function of exponentiated WE distribution as in [6].

The reliability and hazard functions of KWE distribution at time (t) can be

expressed as:
b

1 a
Rywe(ta,4,a,b) = [1 — (1 — Ee‘“(o& +1- e‘“’lt)> ] .. (16)
hewe(t; @, 4,a, b)
a—1
ab %ﬂ/’l e (1 — ™M) (1 — ie‘“(a +1-— e‘““))

a
1- (1 — ie"“(a +1- e‘“’“))

..(17)

3. Expansions for Cumulative and Density Functions of KWE Distribution
The cumulative and density functions of KWE distribution, equations (14)
and (15), can be expansions according to the generalized binomial theorem,

(1+0)” =2Z, (1;) ¢!, respectively as:
N ; 1 ai
N S AT
i=0

fewe (@, 4,a,b) = abaT+1 Le (1 — e~ )32 (—1)° (b : 1) (1 —
1 a(i+1)-1
- e"lx(a +1-— e‘“’lx)>

Now, suppose that:

_(_1i(b) . (b)_po-D.0-i+D)
m= 1 (l) ’ (z) i
and,

_ab v  4yi+j(b—1 (a(i+1)—1>
J j+1zi:0( 1) ( i ) j
Then the cumulative and density functions of KWE distribution can be

expansions, respectively, as:

Fewe(x;a,4,a,b) =1 — Z n; K(x; a, 2, ai) ..(18)
i;O
fewe (¢ a,A,a,b) = w; S(x; a(+1),2) ..(19)
=0
where,

9
KGa,,0) = [1 —i e (a+1- e“”")] which can denotes the

expansion WE cumulative distribution with parameters a,A and 8 = ai.
S(x; a(j + 1),1) denotes the expansion WE density function with parameters
a(j + 1) and A and cumulative distribution as in (2).
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Thus, KWE density function can be expressed as an infinite linear combination
of WE densities.

4. Moments and Moment Generating Function of KWE Distribution

The 7" moments about the origin can be expressed by:

EGT) =) w,.fwxr SCe; a(j+ 1), Ddx
j=0 70

[00]

= Z W fooxr M y e—ﬂx(l _ e—a(j+1)lx)dx
i) ¥ TG 1D

L aG+ 1)+ 1T+ 1)
> B = ) w2 D |

~ r(r +1) ]
A(aG+D)+1]
Now, setting r = 1 andr = 2, we get
N a(j +1) +1[r2) re)
E(X) ‘jZOWfA G+D |2 eG+D +1)]2]

.. (20)

a(j +1) +1 [r(3) r@)
2 [AeG+D+D]P

E(Xx? =Z A
(x?) 2 e
Settinga = b = 1, we haw,
1 ;5 j=0
wj_{o i1 - (21)
Hence, the mean and variance of X are given by:
at+l |1 1 ] a+2

u=EQ) =2=~ |z~ AtV = 2@+

B 2y 2 2(a2+3a+3)_ (a+2)*> 1 1
v(X) =EX*) - [EX)]* = A2 (a+1)? 2Z(a+1)? A2 [ (a+1)2]

which are precisely the mean and variance of WE distribution.
The moment generating function of KWE distribution for —1 <t < 1 canbe
expressed by:

M, (D) = E(e*) = Z w, j et sCual+ 1), Ddx
j=o 70

:Z " fooe’“ —a(j t+1 e (1 — e~ @U+tDA) gy
A a(j+ 1)

j=0
V(D i Aa(j+1)+1[1
=1 = .
X jzow, aG+D li—¢
1

A—t+ra(+ 1) - (22)
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(a+DAyp 1 1

A—t A—-t+ Aa

which is precisely the moment generating function of WE distribution.

5. Likelihood Function and Estimation

The maximum likelihood estimations (MLEs) of a,A, a and b are the solution
of the first partial derivatives of the natural-log likelihood function £y, with
respect to that parameters where the likelihood and natural-log likelihood
functions for equation (15) are defined, respectively, by:

L(a2a,blx) = a*b" X gre - Tinxn I, (1 - e [1

le"ui(oz +1- e"l‘)"‘i)]a_1 [1 -

Mx(t) =

P
e‘“"“’)) ] ..(23)

lywre =InL(a,A,a,b|lx) =nlna+nlnb+nin(a+1) —nlna+nlnd—
AN x + Dy In(1— e A) 4+ (a — D X yIn [1- e Mi(a +1 -
e—Aaxi)]_l_

:-mi))a] .. (24)

Now, since there are no closed forms of the solutions, Newton-Raphson
iterative technique, can be used to obtain the MLEs as,

(n)
510D @ [ ZAWE ]
1 1 | 2tkwe |
— _1-1 04 Ch —
a\ - d\ ](h) I afKWEI ) h — 0,1,2,
da

b b Y,

| 2w |

where,
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[ _(n)
0% ywe 0*Cxwe 0*Cxwe 0% Lxwe
da? da 04  Oa da da db
P lyex *xwe Plxwe 0 xwe
Jaw =| GA0x 022 ol da  919b
0lxweg 0 Cxwe 0 Cxwr 0 Cxwe
da da da 04 0 a2 da b
02 lxwe % €xwe 0% xws 0*Lxws
L 0b da d0b 04 Aab da ob2
Okweg _ 1 _ 1 n Axie " i n 1 -Ax (l _ —hax; (1
Ja o a+1 a =1 l_e—/laxi i=1 o e o e (a +
/1 )) a—1 a(b—l)(l_%e—lxi (a+1_e—/1axl-))a_1
Xi i —dax;y =
i 1—%3_1961 (a+1—e Z ‘) 1—(1—%6—/1961' (a+1—e_A“xi))
a¢ n axl-e"m Xi o 1 ~ .
;(;VE = 1 ?=1Xi + Z?ﬂw-k Z?=1xi e Ax; (1 + -- e Aax; (1 +
1)) a-1 a(b—l)(l—%“e—lxi (a+1_e—laxi)>a_1
¢ 1_§e_AXi(a+1_e_laXi) 1—(1—%e‘lxi(a+1—e—laxi))a
OfkwE _
da

1 . - .
§+ i ln (1 - e Mi(a+1—e M"l)) —
(1 1 -Ax; —Aax; . 1 —Ax; —Aax;
-SeMi(ati-e )) ln(l— Se i(ati-e ))

a
1—(1— L e_lxi(a+1—e_/1“xi)>
a

b-1DX-,

a
Otgwe _ 1 n 1 _ax; —Aax;
—— =—+ i njl—-|1—--e " ila+1l—e i
b b Zl—l a ( )
lews _n __n__ym M(H&)_ n (1 e—Axi(l_
da? a2 (a+1)2 i=1 _ p—Aax; 1— e~ ax; =1\ , a

a—1

2
- (1
e Ao x; ( ; + Axl))) I(l— % e_Axi(a_{_l_e—laxi))Z +

a-1 a-1
a(b—l)(l— L oAx; (a+1—e_laxi)) (a(l— L o2xi (a+1—e_’1“xi))
a a

a a
1—(1— L e‘lxi(a+1—e_1“xi)> 1—(1— Lo (a+1—e_)”“xi))
a (04

+

a—1
1- ™M (a+1-e~20%0)
a

2,2
_ A e—ﬂxi(a+1)] a-1 _
a 1- % e i (a+1-e~A%i)

a(b—l)(l— % e~ Mxi (a+1—e_)‘“xi))a_1]

a
1—(1— E3 e_lxi(a+1—e_laxi)>
a

?:1 [ a_lse—)lxi(ze—)laxi _ 2)

-33-



Journal of Arab Statisticians Union (JASU).............ccccc..........Vo5. Nol.1/7/2020

aszWE n n azx e Aaxl

e—lzxxi n s 1
922 = _/1_2 T 4Lj=1 1— e—Aax; (1 + 1— e—laxi) i=1\ X;i € ¢ <1 + ; -

2
o ~Aax; (1 + l))) a-1 4
« (1— %e"ui(a+1—e_’1“"i))

a-1 a-1
a(b—l)(l— L e Axi (a+1—e_/1“xi)> a(l— L2 (a+1_e—/1axi))
a a

a a
1—(1_ 1 e—lxi(a_l_l_e—laxi)) 1_(1_ le—lxi (a’+1—e_}‘“xi))
a [24
a—1 1
2 —Ax; (a+1) 2 —Axi
i i + A= (x-e t (a+2+—)—x-e l(1+
1—§e_lxl(a+1—e_’1“xl) Zl—l i @ i
a-1
1)) a-1 a(b—l)(l— %e—lxi (a+1—e"1“xi))
- 1 —Qx; ) ~ z
a 1- e xl(a+1—e axl) 1_(1_ % e~ Xi (a,+1_e—/1axl-))
a a2
2 (b—-1) (1_1 e~ Axi (a+1—e_1“xi)) (ln(l—l e_’lxi(a+1—e_’1“xi)) )
”ﬂ __n Zn a p
=1

2 T 2 i a
da a 1_<1_l e—/lxi(a+1_e—/1axi))
a

a
(1—l e~ Mi (a+1—e_)‘“xi))
a

1+ T =
1—(1—— e_)“xi(a+1—e_)““xi))
a
Ptgwg 1
ap> _b?
*txwe _ *tkwr _
da dA 01 da .
n *i€ " e % 1-— _M +Zn Xi | —22x; l_ —-Aax; l+
i= 11 e—Aax; 1— e—Aax; =1, e a e a
- . 1
Axi)> (1 +1_gtaxi (1 + —))
a a
-(a-1)
- —
(1— le_’b‘i(0{+1—e_’1‘7‘xi))
a
a-1
a(b—l)(l— % e~ Mi (a+1—e"1“xi)) a1 N
a 1 —Ax; —dax:
1—(1—§e‘7‘xi(a+1—e‘mxi)> 1- e Mi(a+1-e™)
a-1
a(l— L= (a+1—e_}““xi))
+
1- (1—— Mi(a+1-e Aaxl))
n1x2 —Axi(a+1)( l) Xi  —Ax; (,-aldx; _ a-1 _
—1|Ax; e 1+-)+ e Yi(e i—1 : _
1 [ i a a? ( ) 1— %e“’lxl(a+1—e_’mxl)
a(b- 1)(1—-— e Mi(at1-e Aaxl))
1— (1__ (g t+1-e /uxxl)>
*LxkwE _ 9*txwE _
da da da Oa

1 1 1 1

n A x; Aa x;

L—e Mil-—e z(_+,1x.)) : —
i=1, (a a 4 1—%e_lxl(a+1—e_laxl)
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a-1
1 -Ax; —-Aax;
(b—1)(1—5e i(a+1-e l))

a
1—(1— ES e_’lxi(a+1—e_’1“xi))
a

1 s EPPRNY:
—Aax; [1—;3 M (at1-e Aaxl)]
e 1+ 1 a
1—(1— —e_lxi(a+1—e_’1“xi))
a
0> tywe _ 0*txwE
dadb  dbda

a(1- % e i (a+1-e~A0%0) “r
_Z?=1i e—/‘lxl- (%_ e—la xi(i-l'ﬂ'xi)) ( ( a )

a
1—(1— e e_’lxi(a+1—e_’1“xi))
a

1+<aln(1—i e ™i(a+1-

a
1 x; _—Aax; 1 Ax; _—Aax;
*tyws _ P tyxws _ v (1 e Mi(ati-e l)) ln(l se i(atl-e l))

- - i=1 a
db da da db 1_<1_ % e—lxi(a+1_e—laxi))

*txwE _ 0’ tywE _
dA 0b db 04

_1 -ax; - Aax; a-1
X x e (1 + % — e~ Aax; (1 + i)) <a<1 —eMi(at1-e )) )

a
1 —(1— ES e_’lxi(a+1—e_’1“xi))
a

0*xwE _ 0’ tywE _
0A da da oA

Yr o x; e M (1 + i — e~ Aaxi (1 + i)) :

1- %e_axi(a+1—e_’1“xi) B

_ _ 1 Ax; _—Aax;i
(b 1)(1 Se i(a+1-e i)

)a 1+<aln(1—le_’1xi(a+1—
1—(1— %e_lxi(a+1—e_laxi)) a

a

o ek

1—(1— %e_lxi(a+1—e_’mxi)>
When the convergence occurs between iteration (h+ 1) and (k) , i.e. the
absolute difference between two successive iterations is less than pre-specified
error tolerance, &> 0, then the current @D A+D g+D gng
b+D represent the MLEs of a,1,a and b via NR algorithm which we
referred to as, @y, , Ay ,Ayp and by, .
Then, according to an invariant property of the ML estimator, the estimate of
reliability and hazard functions at mission time (t)can be obtained,
respectively, by replacing a,4,a and b in equations (16) and (17) by their ML
estimates.
6. Concluding Remarks
The two parameter weighted exponential (WE) distribution introduced by
Gupta and Kundu has been extension based on the family of Kumaraswamy
generalized distribution introduced by Cordeiro and de Castro. Some of the
mathematical properties along with the maximum likelihood estimations of the
model parameters of new distribution named Kumaraswamy weighted
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exponential (KWE) have been discussed. The KWE density function can be
expressed as an infinite linear combination of WE densities and the WE
distribution is a special case of KWE distribution when a = b = 1 and the
exponentiated WE distribution is a special case of KWE distribution when
b =1.
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