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Abstract : 

The purpose of this paper is to study some of properties of group theory. Which 

we can apply of fuzzy subgroup and fuzzy divisible subgroup. 

We serve some propositions, theory's and notes about fuzzy subgroup and 

fuzzy divisible subgroup and we set necessary sufficient condition carried over 

some properties of divisible fuzzy subgroup. 

 

 

لسمر الجسئًُ الطبابًُ القابلُ للقصمُبعض الخىاص ل  
 د.ايواى عبذ الاهير هحوذ علي الياسري

 الوذيرية العاهة لحربية كربلاء الوقذسة

 

 الخلاصة

َهذف اٌُغذ اًٌ دساعت بؼغ اٌخىاص فٍ ٔظشَت اٌضِش واٌخٍ َّىٓ حـبُمها ػًٍ اٌضِش اٌؼبابُت 

عىي اٌضِش اٌضضئُت اٌؼبابُت واٌضِش اٌضضئُت اٌضضئُت، وٌمذ ؿشعج اٌباعزت بؼغ اٌمؼاَا وإٌظشَاث 

 اٌؼبابُت اٌمابٍت ٌٍمغّت ولاِج اٌباعزت بىػغ اٌششوؽ اٌؼشوسَت واٌىافُت واٌلاصِت ِٓ اصً حغمُك رٌه.

 

Introduction: Zadein in 1965 [10] introduced the concept of fuzzy set. 

Anthony and she rood [1] introduced the concept of fuzzy group, in this paper, 

we study certain properties of fuzzy subgroup. We notice that many basic 

properties in group theory carried over on fuzzy group. 

1- Fuzzy set: In this section we shall start to introduce the concepts about 

fuzzy sets an the basic definitions with some examples, also we shall give some 

important definitions and properties with operation on fuzzy set which are used 

in the next. 

Definition (1.1): [10]: Let A be anon- empty set, the function M: R  [0,1] 

such that  

 ( )  *
  

 

 
               

                         
    Is fuzzy set. 

Definition (1.3): [3] Let      ,   -     be a fuzzy set of A and   ,   - 

defined by   ( ) for all     

  ( )  [
                

                    
         Then    is called a fuzzy singleton. 

Example (1.4) : Let      ,   - such that. 
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  ( )  [

 

 
                

 

 
                    

           ( )  [

 

 
                

 

 
                    

 

Then       where    is even integer number and    is odd integer number. 

Definition (1.5): [8]: Let       be two fuzzy subset of A then 

i)       iff   ( )    ( )        

ii)       iff   ( )    ( )        
iii) if       and there exists ,     such that   

( )    ( ) ,then we 

write      ( )  

Definition (1.6): [9]: Let       be two fuzzy set in A then. 

i) (     )( )     *  ( )   ( )+ , for each     

ii) (     )( )     *  ( )   ( )+ , for each     

Notice that (     ) (     ) are fuzzy set in A. 
If we generalize this definition by a collection of fuzzy sets then: 
(      

 )( )     *  
 ( )৷    +   for each     

 (      
 )( )     *   

 ( )৷    +   for each     
Which are also fuzzy sets in A. 

Example (1.7): In the example (1.4) 

            (     )( )   *  ( )   ( )+      {
 

 
  
 

 
}  

 

 
 

            (     )( )   *  ( )   ( )+      {
 

 
  
 

 
}  

 

 
 

                    (     )( )   *  ( )   ( )+     {
 

 
  
 

 
}  

 

 
 

            (     )( )     {
 

 
 
 

 
}  

 

 
 

Hence (     )( )  {

 

 
         

 

 
           

 

Notes (1.8): 1) Denote to [0.1] by   ,   - ,  2)    *               +  

2- Fuzzy subgroups of a Group : This section consists the concepts of the 
fuzzy groups which was coined by Rosenfeld [9] , who found many basic 

properties in group theory carried over on fuzzy group and in the same way 

applied to another algebraic structures like rings, ideals, modules and so on (see 

[6] , [2] ). 

Definition (2.1) [6] :Let (G, ) be a semi- group i.e. ,  : G×G   G 

Such that Im ()   G and let           

Then for each     we define: 

(     
)( )  0    *   *  (  )   (  )+        ()

                                                                 
 

Its clear that,       are fuzzy subsets of G. And if we take a collection 
* ৷    + of fuzzy subsets then for each    : 

(∏       ( ) ,   *   *   (  )৷  ∏             
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Proposition (2.2): [6] Let (G, ) be a semi- group       be two fuzzy 

singletons, where       and     ,   -. Then        (  ), where 

r=   *   + 

(     )( )  {    *   *  (  )   (  )৷           ++        ()
                                                                 

 

 2   *   ৷            +               ()          ( )
                                                                 

 

On the other hand 

( (   ) ) (  )  {
       

                       ( )
 

From (1) and (2) we have      (  )
  

Where      *   +  

Definition (2.3): [5]  Let G be a non- empty set and closed a binary operation 

() and      such that      , where   is the empty fuzzy set defined by 

 ( )    for each      Then (M,) is called closed if and only if       . 

Proposition (2.4): [6]  Let      and     . Then the following statements 
are equivalent: 

i) (   )          

ii) For any           Then          for each        
iii)  (   )     * ( )  ( )+ for each        
Now we ready to define a fuzzy subgroup of a group. 

Definition (2.5): [2]  Let (G,.) be a group and      such that   
    ( ( )        )  Then M is called a fuzzy subgroup of G if and only if 

for each        
1)  (   )     * ( )  ( )+   ,   2)  ( )   (   ) 

Proposition (2.6) : [4]   Let    and    is a fuzzy subgroup of G and      
Then       is a fuzzy subgroup of G. 
Definition (2.7): [7]   Let G be a group and M be a fuzzy subgroup of G. then 

we define the following: 

1)    *   ৷  ( )   + is called the support of M. also    
 

  (   -    

2)    *   ৷  ( )   ( )+ it is easy to show that    and    are 
subgroups of G. 

Definition (2.8): [1]   A fuzzy subset of a group (G, +) is called has the 

supremum property iff sup * ( )৷   ( )+     * ( )৷   ( )+ , 
where f is a function from G to G. 

Definition (2.9): [7] 

Let    and    is a fuzzy subgroup of G, then the intersection is a fuzzy 

subgroup of G, by their intersection       is denoted by: 
(     )( )     *  ( )   ( )+ for all     

Proposition (2.10) [4] : Let       be two fuzzy subgroup of G then       
is fuzzy subgroup. 

Proof: Let       
(     )(   )     *  (   ) (  (   )+ 

     *   *   ( )   ( )+   *  ( )   ( )+ 
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    *  ( )   ( )   ( )   ( )+ 
    *   *  ( )   ( )+    *  ( )   ( )++  
    *     )( ) (     )( )++ 
(     )( )     *  ( )   ( )+ 

    *  (  )   (  )+     (     )(  ) 

Remark (2,11) [    ]:  The union of two fuzzy subgroup are not need to be a 

fuzzy subgroup as illustrated in the following example. 

Example (2.12):  Let G be aklein`s four group. 

  *        +                         
For               ,   -                                    

Subsets            ,   -            
  ( )       ( )           ( )    (  )       ( )       ( )     

  ( )          (  )

                                                         
Proposition (2.13) [4]:  Let    and    be two fuzzy subgroup of G and 

         then       is fuzzy subgroup of G. 

Proof: suppose       

Then (      )( )     *  ( )   ( )+    ( )      
Let         
(     

)(  )     *  )   (  )+  
   (  )     *  ( )   ( )+                  ( ) 

   *(     
)( ) (     

)( )+

    *   *  ( )   ( )+    (  ( )   ( )+ 
    (  ( )   ( )+             ( ) 

From (1) and (2) 
(     )(  )     *(     )( ) (     )( )+ 
       fuzzy subgroup. 

Definition (2.15): [7]  Let    and    are fuzzy subgroups of group G. The 

sum of    and    over a group G is denoted by: 
Sup 

*   *  
(  

)   
(  

)৷                        
   ( )++                    
Definition (2.16): [7] 

Let (G, +) be a group and M be a fuzzy subset of G and let P aprime number. 

Define a fuzzy subset PM of G by: 

(  )( )  {
   * ( )৷                

                  
 

Where PG= *          ৷    +     
Now we are ready to give the following propositions. 

Proposition (2.18)  Let    and    be two fuzzy subgroups of G and P aprime 

number then: 

i) pM is a fuzzy subgroup of G. 

ii)     (  )     (   - 
iii) if M has supremum property then     (  )     (   - 
iv)      
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proof:  Lett p aprime number prove pM is a fuzzy subgroup of G we must hold 

the following conditions : 

i) For each x,y   

1)   ( )    (  ) 

(  )( )  {
   * ( )৷    +            

                  
 

 {
   * (  )৷   (  )+            

                  
    (  ) 

Hence PM (x)=pM(-x) 

2) (  )(   )     *  ( )   ( )+ 

(  )( )  {
   * ( )৷    +            

                  
 

Also 

(  )( )  {
   * ( )৷    +            

                  
 

                                      (   )     
Therefore 

(  )( )  {
   * ( )৷    +            

                  
 

  (   )   

{
   * (   )৷      +            

                  
 

                               
  (   )     *   *  ( )   ( )৷     (   )+ 
    *  ( )   ( )৷    + *   *  ( )৷    ++ 

    *   *  ( )৷    +  *   *  ( )৷     ++ 

    *  ( )   ( )+ 

                                
  (   )     *  ( )   ( )+ 

Hence ,   (   )     *  ( )   ( )+ 
Therefore, pM is a fuzzy subgroup of G. 

ii) let                                    ( )         

  ( )      * ( )|    +             (  )  

iii) From part (ii),     (  )           (  )      

 Let     ( )     * ( )|    +                             

Property So         such that       and  (  
)   

   * ( )|    Therefore,       and then        

        (  )  (  )  

Hence (  )  (  )  

iv)              aprime number. 

We have   ( )     * ( )|    +  Nw                     

Implies  (  )   ( ). Therefore,  ( )     * ( )|    +  
(  )( )          . 

Proposition (2.18) Let M be fuzzy subgroup of G, then for each a prime 

numbers            (          
)   is a fuzzy subgroup of G. 
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Proof:  Let            a prime numbers prove (          )  is a fuzzy 
subgroup of G we must prove the following conditions: 

For each        
1) (           ) ( )  

 {
   , ( )|  (           )        (          +

                                       (          ) 
 

2) (           ) ( )  

 {
   , (  )|  (           )          (          +

                                       (          
) 

 

 (          ) ( ) 

Hence (            ) ( )  (            ) (  ) 

 )  (         ) (   )

    *(         ) ( )

 {
   , ( )|  (           )        (          +

                                       (          ) 
 

  (         )        (         )  implies that: 

    (          )  (         )  

 (          
)   (          

)  

         
 (         

)                                                                                                          
   ( 

  ) {
   , (   )|    (           )(        (          +

                                       (          ) 
  

(         ) ( 

  ) {
   , (   )|    (           )(   )       (          +

                                       (          ) 
  

       (         
)     (          

)    (          
)  

(         ) (   )    
    *   *   ( )|    (         

) (   )++ 

    * ( ) ( )|    (        ) +    * * (   )+ 
    *    * ( )|  (         ) +    ** ( )|  (        + + + 
       (         )     (         )    (        )  
(        ) (   )     *(        ) ( ) (        ) ( )+ 

Hence  
(        ) (   )     *(        ) ( ) (        ) ( )+ 

Therefore (        
)  is fuzzy subgroup of G. 

Proposition (2.19):   Let M be fuzzy subgroup of G, then for each a prime 

numbers P and n any positive integers    M is a fuzzy subgroup of G. 

Proof:  To prove    M is a fuzzy subgroup of G we must prove the following 

conditions: 

For each x,y    

   ( )     (  ) 

   ( )  {
   * ( )|     +         
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 {
   * (  )|    (  )+         

                         
 

    (  ) 

Hence    ( )     (  ) 

 ) (   )(   )     *   ( )    ( )+ 

   ( )  {
   * ( )|     +         

                         
 

Also 

   ( )  {
   * ( )|     +         

                         
 

                                           (   )

     

    
Therefore  

   (   )   

{
   * ( )|       +         

                         
 

   (   )   

{
   * (   )|      (   )+         

                         
 

                                 
   (   )     *    *   ( )    ( )|      (   )+ 

    *   ( )    ( )|      (   )+ 

    *    *   ( )|     + (    (   ( )|     + + 

    *   ( )    ( ) + 
                                  
   (   )   *   ( )    ( )+ 

Hence    (   )     *   ( )    ( )+  

Therefore     is fuzzy subgroup of G. 

Proposition (2.20): Let    and    be two fuzzy subgroups of G. Then 

(     ) is a fuzzy subgroups of G. 

Proof: To prove (     ) is a fuzzy subgroups of G we need to satisfy two 

conditions: 

For each        

1) (     )( )     *   *  (  )   (  )+|               + 
    *   *  

(   
)   

(   
)+|                  + 

    *   *  (  )   (  )+|                + 

 (     )(  ) 

2)   (     )( )     *   *     +( ) (     )( )+ 
                   (         )        (         ) 

Then      (     ) (     ) since G is commutative group.  

So     (     ) (     )       
Now we have: 
(     )(   )     *    *  ( )   ( )|             + 
    *  

(     
)   

(     
)+|    (     

) (     )+ 
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    *  (  )   (  )   *  (  )   (  )++ 
    *  (  )   (  )    (  )   (  )+ 

   *   *  (  )   (  )+          *  (  )   (  )+|       + + 
Thus (     )(   )     *   *  (  )   (  )+|       + 

   *   *  (  )   (  )+|       + + 
    *(     )( ) (     )( )+ 
Hence ,(     )     *     )( ) (     )( )+ 

Therefore , (     ) is a fuzzy subgroup of G. 

3) Divisible fuzzy subgroup of an abelian group: In this section we will 

introduce a fuzzy subgroup of an abelian group G which called divisible fuzzy 

subgroup and give some properties. 

Definition (3.1): [7]  M is called a divisible fuzzy subgroup of an abelian group 

G iff M is a fuzzy subgroup and for each fuzzy singleton               

and for each     there exists a fuzzy singleteon      such that  (  )  
  . 

Propositions (3.2):  From definition [2.5] M is a fuzzy subgroup iff    is a 

fuzzy subgroup of G. 

M be divisible fuzzy subgroup iff                   
                   (  )     

 (  
)        (  )

             

Hence 
(             )                    
                                          
Theorem (3.3): [7] 

1) If M is divisible fuzzy subgroup, then    subgroup of G. 

2) If M is divisible fuzzy subgroup, then    is divisible fuzzy subgroup of 

G. 

Theorem (3.4): [7]  If    id divisible fuzzy subgroup and M is a constant on 

    * +, then M is divisible fuzzy subgroup. 

In ordinary group , G is divisible fuzzy subgroup iff nG=G,       

But this property is not valid in fuzzy subgroup as we see in the fowling 

theorem. 

Theorem (3.5):  If M is a fuzzy subgroup of G, then: 

1)               
2)          divisible fuzzy subgroup, then             
1) If M has the supremum property and                     
divisible fuzzy subgroup of G. 

Proof: 

1)                  we have (  )( )     * ( )|    + 

Now for each       such that      implies  ( )   (  )   ( ) 

Therefore  ( )     * ( )|    +  (  )( ) 

Thus       
2) Suppose M is divisible fuzy subgroup, by part (1) above we have 

             Now let  ( )    with     Since M is divisible fuzzy 

subgroup, then             such that  (  )      
Since ,            ( )     Hence , sup * ( )|    +     ( ) 
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This implies (  )( )   ( )                       
Therefore             
3) Since                  (  )( )   ( )      

Thus there exists,      thus that   ( )     * ( )|    + 

Since M has the supremum property, then        such that   ( )  
   * ( )|    +   (  )            

Let      Now, (  )( )   (  )   ( )    therefore             
  

This implies (  )    and  (  )    

Hence , M divisible fuzzy subgroup of G. 

Proposition (3.6) :  If M is a fuzzy subgroup of G , then for each prime number 

p we have  

1) If M is divisible by p, then pM=M. 
2) If M has the supremum property and pM=M then M is divisible by p. 

Proof: 

1)             (   -        

M is divisible fuzzy subgroup      is divisible fuzzy subgroup. 

        by proposition (2,17) part ii we have     (  )
  

     (  )  

                    (   )       

Hence      

2)               (   -         
                          (   ) 

Then                                                  
   is divisible fuzzy subgroup of G. 

Theorem (3.7): Let          are two divisible fuzzy subgroups of G. then 

      is divisible fuzzy subgroup of G. 

Proof: From proposition (2,6)       be fuzzy subgroup of G.        

be divisible fuzzy subgroup iff                         

  (                                      are divisible fuzzy 

subgroups). 

                        (     )                          

                    are divisible fuzzy subgroups). 
(     )             (   )  (   )       (     )     (   )       

Hence       (     )                (     )            (  
 )          (     )  is divisible fuzzy subgroup of G. 

Theorem (3.8):  If          divisible fuzzy subgroups of G then for each 

prime number P we have: 

1)  If       be divisible by p, then  (     )        

2) If       has the supremum property and  (     )        

Then       be divisible by p. 
Proof: 

1) Let       is divisible fuzzy subgroup, by theorem (3,7)  

We have  (     )               
Now , suppose (     ) =                               
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then         (   )                     (   )  (   )  

since (   )         (   )    

Hence , *   *     )(   )|     (   )+    (     )(   ) 

This implies  (     )(   )  (     (   )           
Then         (     )       
       (     )          
2)        (     )                    (     )(   )  
(     )(   )                                            
(     

)(   )      * (   )|     (   )+               

has the supremum property, then   (   )    such that. 

  (   )     * (   ) |     (   )   (   ) +       
Where      (   )  Now  (     )(   )  (     )(   ) 

 
(     )(   )               (   )  (     )  and  (   )      

Hence       be divisible fuzzy subgroup of G. 
Preposition (3.9):  If M is fuzzy subgroup of G, p is a prime number and 

          
1) IF M be divisible by    then        

2) If M be divisible by (           ) then (         
)    

3) If M has the supremum property and       then M is divisible by    

4) If M has the supremum property and (          
)    then M is 

divisible by (           ) 

Proof:  The prove of this proposition by putting    and (          ) instead 
of the positive integer (n) in theorem (3,5) part 2,3. 
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