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Abstract :

The purpose of this paper is to study some of properties of group theory. Which
we can apply of fuzzy subgroup and fuzzy divisible subgroup.

We serve some propositions, theory's and notes about fuzzy subgroup and
fuzzy divisible subgroup and we set necessary sufficient condition carried over
some properties of divisible fuzzy subgroup.
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Introduction: Zadein in 1965 [10] introduced the concept of fuzzy set.
Anthony and she rood [1] introduced the concept of fuzzy group, in this paper,
we study certain properties of fuzzy subgroup. We notice that many basic
properties in group theory carried over on fuzzy group.
1- Fuzzy set: In this section we shall start to introduce the concepts about
fuzzy sets an the basic definitions with some examples, also we shall give some
important definitions and properties with operation on fuzzy set which are used
in the next.
Definition (1.1): [10]: Let A be anon- empty set, the function M: R— [0,1]
such that

if x>1

1.1
M(x)=[ Cx
0 ifx< 1

Definition (1.3): [3] Let X,: A — [0,1], x € A be a fuzzy set of Aand ¢t € [0,1]
defined by X, (y) forall y € A
Xt(y) = [ t fx=y Then X, is called a fuzzy singleton
0 if x+y t '
Example (1.4) : Let M;: Z — [0,1] such that.

Is fuzzy set.
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1
if x € z, - if x €z,
M, (x) = 1 My (x) = 1

3 if x €z, < if x € z,
Then M, c M, where Z, is even integer number and Z, is odd integer number.

Definition (1.5): [8]: Let M,, M, be two fuzzy subset of A then
)M, =M, iff M;(x) = M,(x),Vx €A

i) M, € M, iff M, (x) < M,(x),Vx € A.

iii) if M; € M, and there exists , x € A such that M, (x) < M, (x) ,then we
write M; € M, (x)

Definition (1.6): [9]: Let M,, M, be two fuzzy set in A then.

i) (M; U M,)(x) = max{M, (x), M,(x)}, foreach x € A

i) (M; N M,)(x) = max{M, (x),M,(x)}, foreachx € A
Notice that (M; U M,) (M; n M,) are fuzzy setin A,

If we generalize this definition by a collection of fuzzy sets then:
(Ugeq MP)(x) = sup{ M (x)la € Q}, foreachx € A

(Ngeq MF)(x) =sup{ M (x)la € Q}, foreachx € A

Which are also fuzzy sets in A.

Example (1.7): In the example (1.4)

If x € Ze then(M; U M,) (x) max{M, (x), M, (x)} = max {% %} %
If x € Ze then(M; U M,) (x) max{M, (x), M, (x)} = max {; ;} é
Now If x € Ze then(M; N M,)(x) max{M, (x), M,(x)} = max % é} = %
Ifx € Ze then(M; U M,) (x) = min {; ;} %
e if x€Z,
Hence (M; N M,)(x) = { >
L If x€Z,

Notes (1.8): 1) Denote to [O 1] by 1=10,1], 2) 142 ={M: A - I fuzzy set}
2- Fuzzy subgroups of a Group : This section consists the concepts of the
fuzzy groups which was coined by Rosenfeld [9] , who found many basic
properties in group theory carried over on fuzzy group and in the same way
applied to another algebraic structures like rings, ideals, modules and so on (see
[61.[2]).
Definition (2.1) [6] :Let (G, ®) be a semi- group i.e., ® : GXG - G
Such that Im (®) € G and let M;,M, €IG
Then for each x € G we define:

M, M,) (x) = [ sup{min{M, (x,), M, (x,)} if x € Im(.O)

0 otherwise

Its clear that, M,, M, are fuzzy subsets of G. And if we take a collection

{Mla € Q}of fuzzy subsets then foreachx € G:

(na< aM (x){sup{inf{Ma (xa) | =nas QEGVa €Q

0 otherwise
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Proposition (2.2): [6] Let (G, ®) be a semi- group X,, Y, be two fuzzy
singletons, where X,Y € G and t,s € [0,1]. Then xt.,ys = (xy), where
r=min{t, s}

(,,y.)(2) = {sup {min{x,(z,),v,(z,) 1and z,.z, € G}} if x € Im(®)

0 otherwise
_ {min{t,slx =zandy=2z,} =71 ifz€Im(®)andz =x.y (1)
0 otherwise

On the other hand

if z=xy
(GyIr) ()= {0 otherwise  (2)
From (1) and (2) we have X,Y, = (xy),
Where r = min{t, s}
Definition (2.3): [5] Let G be a non- empty setand closeda binary operation
(®)and M € I¢ such that M = @, where @ is the empty fuzzy set defined by
@®(x) = 0 for each x € G. Then (M,®) iscalled closed ifand only if M M € M.
Proposition (2.4): [6] Let M € I¢ and M # @. Then the following statements
are equivalent:
i) (M, .)is closed
i) Forany X, Y, € M.Then X,,Y, € M foreachx,y €G.
iii) M(x,y) = min{M(x),M(y)} foreach x,y € G.
Now we ready to define a fuzzy subgroup of a group.
Definition (2.5): [2] Let (G,.) be agroup and M € I¢ such that M #
@®.(M(x) # O Vx € G). Then M is called a fuzzy subgroup of G if and only if
foreach X,Y € G.
1) M(x,y) = min{M(x),M(y)} , 2)M(x) = M(x™1)
Proposition(2.6) : [4] Let M, and M, is a fuzzy subgroup of Gand n € N.
Then M, + M, is a fuzzy subgroup of G.
Definition(2.7): [7] Let G be a group and M be a fuzzy subgroup of G. then
we define the following:

1) M* = {x € G| M(x) > 0} is called the support of M. also M* =
U

t € (0,1] Me

)M, ={x € Gl M(x) = M(e)} itis easy to show that M* and M, are
subgroups of G.

Definition (2.8): [1] A fuzzy subset of a group (G, +) is called has the
supremum property iffsup {M(x) 1y = f(x)} = max{M(x)ly = f(x)},
where fis a function from G to G.

Definition (2.9): [7]

Let M, and M, is a fuzzy subgroup of G, then the intersectionis a fuzzy
subgroup of G, by their intersection M; N M, is denoted by:

(M; N M,)(x) = min{M, (x), M, (x)} forall x € G

Proposition (2.10) [4] : Let M,, M, be two fuzzy subgroup of G then M, N M,
Is fuzzy subgroup.

Proof: Letx,y € G

(M; N M,)(x,y) = min{M, (x, y), (M, (x,y)}

> min{min{M,, (x), M; (y)} min{M, (x), M, (y) }
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= min{M, (x), M, (y), M, (x), M, (y) }
= min{min{M; (x), M, (y)}, min{M, (x), M, (y)}}
= min{M, N M,) (x), (M; N M,)(y)}}
(M; N M,)(x) = min{M, (x), M, (x)}
= min{M, (-x),M,(—x)} = (M; n M,)(—x)
Remark (2,11)[ ]: The union of two fuzzy subgroup are not need to be a
fuzzy subgroup as illustrated in the following example.
Example (2.12): Let G be aklein's four group.
G = {e, f g fg}, where f? = e = g?and fg = gf.
For0 <i<5,lett; €[01]suchthat 1 =t,>t; > - > ts,define fuzzy
Subsets M,and M,: G — [0,1]as follows.
M, (e) = t;,M;(f) = tz,and M, (g) = m,(fe) =t,,M,(e) = t,,M,(f) =t
M, (g) = t,and M, (fg)

= tg,it can we seen that M;and M,are fuzzy subgroup of G.
Proposition (2.13) [4]: Let M; and M, be two fuzzy subgroup of G and
M, € M, € M, then M, U M, is fuzzy subgroup of G.
Proof: suppose M; € M,
Then (M; UM,)(x) = max{M,(x),M,(x)} = M, (x)Vx € G.
Letx,y € G.
(M; U M,)(xy) = max{xy), M, (xy)}
= M,(xy) = min{M, (x),M,(y)} €))

min{(M; U M,)(x), (M, U M,)(y)}
= min{max{M, (x), M, (x)}, max (M, (y), M, (y)}
= min(M, (x), M, (y)} (2)
From (1) and (2)
(M; U M,)(xy) = min{(M; U M,)(x),(M; U M,)(y)}
. M; UM, fuzzy subgroup.
Definition (2.15): [7] Let M, and M, are fuzzy subgroups of group G. The
sum of M, and M, over a group G is denoted by:
Sup
{min{M, (x,), M, (x,) Ix = X, ,x, ,x;,%X, € G ,if x€
Im(.)}}isa subset of G.
Definition (2.16): [7]
Let (G, +) be a group and M be a fuzzy subset of G and let P aprime number.
Define a fuzzy subset PM of G by: )
sup{M(y)Ix =py ifx € PG
(PM)(x)—{ 0 if x ¢ PG

Where PG={Py=y+y+--+yIy€eG} CG.
Now we are ready to give the following propositions.
Proposition(2.18) Let M, and M, be two fuzzy subgroups of G and P aprime
number then:
1) pM is a fuzzy subgroup of G.
i) pM, € (pM) ., Vt € (0,1]
i) if M has supremum property then pM, < (pM),, Vt € (0,1]
Iv) pM € M
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proof: Lett p aprime number prove pM is a fuzzy subgroup of G we must hold
the following conditions :
1) For each x,y €

1) PM(x) = pM (—x)
(PM) () = {sup{M(u) Ix =pu} ifx€ PG
0  ifx&PG
_ (supfM(—w)Ix = p(—w} ifxePG _
_{ 0 ifxePG = PM(—x)
Hence PM (X)=pM(-X)
2) (M) (x + y) > min{pM (x),pI\EI ()E) }) - .
_ fsup{M(uw)Ix=pu} ifx€eP
(PM)(")_{ 0 ifxePG
Also
sup{M(v) Ix = pv} ifx€ PG
(PM)(X)Z{ 0 ifxePG
x = pu and y = pv implies that x + y = pu + pv = p(u + v) = pw
Therefore
(PM) () = {sup{M(w)Ix =pw} ifx€ PG

0 if x € PG
pM(x + y) =
{sup{M(u +v)Ix+y=pw} ifx€PG
0 if x & PG

If x+y €pG ,x € pG and y € pG,then:
pM (x +y) = sup{min{pM (w),pM (W) Ix + y =p(u +v) }
> min{pM (u),pM (v) | x = pu}, {sup{pM (u) | x = pu}}
> min{sup{pM (u) | x = pu}, {sup{pM (u) I x = pu,}}
= min{pM (x), PM (y)}
Ifx+y&pG,x ¢ pGandy & pG then:
pM (x + y) = min{pM (x),pM (y)}
Hence , pM (x + y) = min{pM (x), pM(y)}
Therefore, pM is a fuzzy subgroup of G.
i) letx € pM, .Then x = pw for some w € M,and M(w) > t.Thus
PM(x) = sup{M(w)|x = pw} = t.To prove (pM),
iii) From part (ii), pM, € (pM),.To prove (pM), S pM,
Let x € PM(x) = sup{M(y)|x = py} = tand since M has suprimum
Property So 3y, € G such that x = py, and M(y,) =
sup{M(y)|= t. Therefore, y, € M, and then py, = x €
pM¢.i.e (pM), < (pM),
Hence (pM), € (pM),
IV) V x € G and P aprime number.
We have PM(x) = sup{M(w)lx = pu} Nw Vu € G such that x = pu
Implies M (pu) > M(w). Therefore, M(x) = sup{M(u)lx = pu} =
(pM) (x). thus PM S M.
Proposition (2.18) Let M be fuzzy subgroup of G, then for each a prime
numbers py, 0y, -, Pp- Py, Py -, P, )M is a fuzzy subgroup of G.
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Proof: Letp,,p, ..., p, aprime numbers prove (p;,p,, ... p, )M is a fuzzy
subgroup of G we must prove the following conditions:

For each x,y € G.
1) @, p)MK) =
{sup[M(u)Ix = (p1.pPy -, PyU,if X € (P1. Py - . Py G}
0 if x & (p.0y .. 0,)G
2) Py IM(x) =
{sup[M(—u)Ix = (p;.py «---»Pp) — U, if — X € (p;.py - - Py G}
0 if —x¢& (p,.py ... 0,)G
= (py.py oo .-y )M (x)
Hence (p, 1y 5 wov o )M (x) = (py.py ) o 2 ) M(—x)
2) (py.py e o p)M(x +y)
> min{(p,.p, ... .. p,) M (x)
B {sup [M(V)ﬁx = (py.Pp ++ -+, Pp)V,if X € (p1. Py - - Py G}
B 0 if x ¢ (py.py on-.0)G
x = (p;.py ..p)u and y = (p;.p, ....p, )v implies that:
x+y= .05 n..0 U+ P10y .0V
= (p.py oo .. DUV = (1. Py v . PIW

Therefore

: (py. Dy een o D)

M(x

ry)= {sup[M(u +V)Ix+y=(p;.py .0, pp)(u,if X € (p1.Py - - Pn G}
0 if x & (p;.py .. 0,)G

(P1-pz e e P)IM (x
+ )= {sup [M(u + v)Ix+y =(p;.py ewor o, pp)(u+ V) ,ifX € (p;.py oo Py G}
y 0 if x & (p;.py .. 0,)G
If x+y€.p,...0,)G,x € (py.0y .. 0,)G,y € (.05 ... 0,)G
(py.py - D))M(x +y) =
sup{min{M,M(W)Ix + vy = (p;.p, ... 2, ) MU + v)}}
> min{M @), W)|x +y = (p, p, ... v, )u}sup{ {IM(u + v) }
> min{sup{M (u)lx = (py. p, ... p)u} sup{{MW)ly = (p;.p, .. P, 3V} }
If x+y & (.py .. p)G,x & (p1.D; .. P,)G, Y € (p1.p; .1, )G
(le-pz P M (x + ) = min{(p;. p, ... p, )M (x), (p;. 0, . D IM (y)}
ence
(p1-p2 - pIM(x + y) = min{(p;. p, ... p )M (x), (1. p; . P M (Y}
Therefore (p,.p, ...p, )M is fuzzy subgroup of G.
Proposition(2.19): Let M be fuzzy subgroup of G, then for each a prime
numbers P and n any positive integers p™ M is a fuzzy subgroup of G.
Proof: To prove p™ M is a fuzzy subgroup of G we must prove the following
conditions:
Foreach xy € G
p"M(x) = p"M(—x) | . .
n _ (sup{M(u)lx = p"u}if x € p"G
pM(x)‘{ 0 if x & p"G
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_ {SUP {M(—w)lx = p"(-w)} if x € p"G

B 0 if —x¢p"G

= p"M(—x)

Hence p"M (x) = p™ M (—x)

2) @"M)(x + y) = min{p"M(x),p"M(y)}
M (x) = {sup{M(u)lx =p"u}if x € p"G

0 if x ¢ p"G

Also | . .
n _ (sup{M)Ix =p"v}if x € p"G
pM(")_{ 0 if x & p"G
x =ptuand y = p"v implies that x +y = p"u+ p"v =p"(u + v)
pw
Therefore
p"M(x +y) =
{sup{M(w)Ix +y=p*wlif x € p"G
0 ifx¢p"G
p"M(x +y) =
{sup{M(u +)Ix+y=p"(u+v)}if x €pP"G
0 if x¢p"G

If x+y€Ep*G,x €Ep™G and y € p"G, then:
p"M(x + y) = sup{min{p"M @), p"M(v)Ix + y = p" (u + v)}
> min{p"M@W), p"M (v)|lx + y = p" (u + v)}
> min{sup{p" M (W) lx = p"u}, (sup(p"M (W)lx = p"u} }
= min{p"M(x),p"M(y) }
Ifx +ye&p"G,x ¢ pén G and y € p"G,then:
p"M(x + y) min{p"M(x), p" M (y)}
Hence p"M (x + y) = min{p"M(x),p" M (y)}
Therefore p™M is fuzzy subgroup of G.
Proposition (2.20): Let M, and M, be two fuzzy subgroups of G. Then
(M, M,) is a fuzzy subgroups of G.
Proof: To prove (M,, M,) is a fuzzy subgroups of G we need to satisfy two
conditions:
Foreach x,y € G
1) My, M,)(x) = sup{min{M, (x,),M, (x,)}|x = x;.x,,x,,%x, € G}
= sup{min{M,; (=x,), M, (=x,)}|—x = —x;.—x,,%,,x, € G}
= sup{min{M, (x,), M, (x,)}|—x = x;.x,,x,,x, € G}
= (M. M,)(—x)
2) (My,M,)(x) =sup{min{M,.M,}(x), (M;.M,)(y)}
Vx,y €G.Let x = x;.x,(V x;,x, € G),y = v,.y,(¥ y.,y, € G)
Then :x.y = (x;.x,). (y;.v,) since G is commutative group.
So x.y = (x,.x,). (y;.5,) =u.v.
Now we have:
(M;.M,)(x,y) = sup{min{M,; (w), M,(v)|x.y = u.v,u,v € G}
> min{M, (x;.y,), My (. )3y = Ceq v (2. ¥2)3
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> min{M, (x,), M, (y,) min{M, (x,), M, (y,)}}

= min{M, (x,), M; (y;) , M, (x;,), M, (y,)}

min{min{M, (x;), M, (x,)}x = x;.x, min{M, (y,), M, (y, )}y = y;.y,}}
Thus (M. M,)(x.y) = sup{min{M, (x,), M, (x,)}|x = x;.x,}

sup {min{M; (y,), M, (v, )}y = y1.,}}

= min{(M;.M,) (x), (M. M,)(x)}

Hence ,(M;.M,) > min{M,.M,)(x),(M;.m,)(y)}

Therefore , (M;.M,) is a fuzzy subgroup of G.

3) Divisible fuzzy subgroup of an abelian group: In this sectionwe will
introduce a fuzzy subgroup of an abelian group G which called divisible fuzzy
subgroup and give some properties.

Definition(3.1): [7] M iscalled a divisible fuzzy subgroup of an abelian group
G iff M is a fuzzy subgroup and for each fuzzy singleton x, € M witht > 0
and for each n € N there exists a fuzzy singleteon y, € M such that n(y,) =
Xt

Propositions (3.2): From definition [2.5] M is a fuzzy subgroup iff M, is a
fuzzy subgroup of G.

M be divisible fuzzy subgroup iff Vx, € M ,t > 0,Yyn € N.

3y, S M such that n (y,) = x,

n(yy) = xiff (ny), = x,iff ny = x

Hence

(Vx € M,,vn € N),3y € M,such that ny =

x if f m,is divisible fuzzy subgroup of G.

Theorem (3.3): [7]

1) If M is divisible fuzzy subgroup, then M™* subgroup of G.

2) If M is divisible fuzzy subgroup, then M, is divisible fuzzy subgroup of
G.

Theorem (3.4): [7] If M™ id divisible fuzzy subgroup and M is a constant on
M* —{0}, then M is divisible fuzzy subgroup.

In ordinary group , G is divisible fuzzy subgroup iff nG=G, Vvne N

But this property is not valid in fuzzy subgroup as we see in the fowling
theorem.

Theorem (3.5): If M is a fuzzy subgroup of G, then:

1) nM € M,vn €N.

2) If M is divisible fuzzy subgroup, then nM = M ,¥vn € N.

1) If M has the supremum property and nM = M,Vn € N then M is
divisible fuzzy subgroup of G.

Proof:

1) Vx €Gandn € N we hae (nM)(x) = sup{M(uw)lx = nu}

Now foreachn € G such that x = nu implies M(x) = M(nu) > M(u)
Therefore M(x) = sup{M(u)l|x = nu} = (nM)(x)

Thus nM < M.

2) Suppose M is divisible fuzy subgroup, by part (1) above we have

nM € M,V n € N.Now let M(x) = t with ¢ > 0 Since M is divisible fuzzy
subgroup, then vn € N,3y, € M such that n(y,) = x,.

Since , Vy, €M so M(y) = t.Hence, sup {M(y)lx = ny} >t = M(x)
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This implies (nM) (x) = M(x),Vx € G then M € nM,Vn € N.

Therefore nM € M,vn € N.

3) SincenM € Vn €N then (mM)(x) = M(x),Vx €G

Thus there exists, Vx € G thus that nM (x) = sup{M(y)|x = ny}

Since M has the supremum property, then 3y, € G such that nM (x) =
sup{M(y)lx = ny} = M(y,)where x = ny,

Let x, € M Now, (nM) (x) = M(y,) = M(x) > t therefore y, € M,and ny =
X

This implies (v,), € M and n(y,), = x

Hence , M divisible fuzzy subgroup of G.

Proposition(3.6) : If M is a fuzzy subgroup of G, then for each prime number
p we have

1) If M is divisible by p, then pM=M.

2) If M has the supremum property and pM=M then M is divisible by p.
Proof:

1)  Vp €N and Vvt € (0,1]we have

M is divisible fuzzy subgroup = M, is divisible fuzzy subgroup.

= pM, = M, by proposition (2,17) part ii we have pM, < (pM),

= pM, € (pM),

= M € pM and by theorm (3,5),pM S M

Hence pM = M

2) Vp€eNandVte(0,1]we have:

pM =M = pM, = M,, by propostion (3,2)

Then pM, = M, hence M,is divisible fuzzy subgroup of G.

= M is divisible fuzzy subgroup of G.

Theorem (3.7): Let M, and M, are two divisible fuzzy subgroups of G. then
M, + M, is divisible fuzzy subgroup of G.

Proof: From proposition (2,6) M; + M, be fuzzy subgroup of G. M — 1+ M,
be divisible fuzzy subgroup iffx; + g; €M, + M,,i,j >0V n €

N, (x; € M,,g; € M,ij >0V n €N since M;, M, are divisible fuzzy
subgroups).

3y; + i € M; + Mysuch that n (yl-+ lj) =x+9;, ¥ €M, S M, ,i,j>
0,V n € N since M,, M, are divisible fuzzy subgroups).

(y; + l]-) =x;+gjiffn(y+D¢=(x +g)ewhere (I +j=t)iffn(y+1) =x+ g.
Hence Vx,g € (M; + M,), Vn € N,3y+1 € (M; + M,) such that n(y +
1 =x+ g iff (M, + M,), is divisible fuzzy subgroup of G.

Theorem (3.8): If M; + M,be divisible fuzzy subgroups of G then for each
prime number P we have:

1) If M, + M, be divisible by p, then p(M; + M,) = M, + M,

2) If M; + M, has the supremum property and p(M; + M,) = M, + M,
Then M, + M, be divisible by p.

Proof:

1) Let M, + M, is divisible fuzzy subgroup, by theorem (3,7)

We have p(M; + M;) S M, + M,,V p € N.

Now , suppose (M; + M,) =t,t > 0 since M; + M, be divisible
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thenvn e N,3(y+ 1), € M, +m — 2 such that p(y + ), = (x + g),
since(y+D, S Mand M(y +1) >t

Hence , {sup{M; + M,)(y +DIx + g=p(y+ D} =t = (M; + M,) (x + g)
This implies p(M; + M,)(x + g) € (M; + M,(x + g),Vx+ g €G.

Then M, + M, S p(M; + M,),Vp €N.

Hence p(M; + M,) = M; + m — 2

2)  sincep(M; + M) € M, + M,,Vp € N, then p(M; + M,)(x + g) C
(M; + M,)(x + g),Vx + vy € G.thus ther exists y +1 € G such that.
M; + My))(x +y) =supiMy + Dlx +g =p(y + )} sinM,; + M,

has the supremum property, then 3 (y + 1), € G such that.

pM(x +y) =sup{(M(y+DIx+g=py+D =My +1D,b}

Where x + g = p(y + 1), Now p(M, + M) 1) = (My + My) (i gy, =

(My + M,) (x4q) = t, therefore (y +1), € (My +M,), and p(y + ), =x +g
Hence M, + M, be divisible fuzzy subgroup of G.

Preposition (3.9): If M is fuzzy subgroup of G, p is a prime number and

n € N the:

1) IF M be divisible by p™ then p™* M = M

2) If M be divisible by (py, pa,, ....p,) then (py,p,, .7, )M = M

3) If M has the supremum property and p™ M = M then M is divisible by p™
4) If M has the supremum property and (p;,p,, ... p, )M = M then M is
divisible by (py, 05, .. --D,,)

Proof: The prove of this proposition by putting p™ and (p,,p,, ..-- p,,) instead
of the positive integer (n) in theorem (3,5) part 2,3.
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